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Abstract—Recent years have seen the advancement of datadriven paradigms in population-based and evolutionary optimization. This reflects on one hand the mere abundance of available
data, but on the other hand also progresses in the refinement
of previously available machine learning methods. Surprisingly,
deep pattern recognition methods emerging from the studies of
neural networks have only been sparingly applied. This comes
unexpected, as the complex data generated by evolutionary
search algorithms can be considered tedious and intractable for
manual analysis with mere practical intuitions. In this work,
we therefore explore opportunities to employ deep networks to
directly learn problem characteristics of continuous optimization
problems. Particularly, with data obtained during initial runs of
an optimization algorithm. We find that a graph neural network,
trained upon a graph representation of continuous search spaces,
shows in comparison to more traditional approaches higher
validation accuracy and retrieves characteristics within the latent
space which are better at distinguishing different continuous
optimization problems. We hope that our study can pave the
way towards new approaches which allow us to learn problemdependent algorithm components and recall these from predictions of inputs generated during the run-time of an optimization
algorithm.
Index Terms—Feature learning, representation learning, algorithm selection, graph neural networks, knowledge transfer.

I. I NTRODUCTION
Within the study of natural computing methods, research
on neural and evolutionary computation have historically been
strongly intertwined (e.g. [1]–[3]). This comes not unexpected,
as the processing of data generated by evolutionary approaches
can benefit from incorporating flexible predictive methods.
Further, the study of combined neural and evolutionary computation methods also allows one to define analogue models to
study effects and phenomena in biology and complex systems
research [4], [5]. Thus, fertilizing synergies to test theoretical
models in the natural sciences through means of computation.
However, while the application of evolutionary optimization
to modern deep pattern recognition methods [6] has regained
notable interest within the recent years [7]–[11], the reverse
direction has surprisingly been ignored.
This comes as a surprise, as population-based optimization
routines produce over their run-time abundant data which can
be considered to be complex and intractable for study by
mere intuition of the practitioner. The strength of modern
deep pattern recognition methods comes particularly helpful

to this regard, as they mimic the feature learning capabilities
of biological systems [12], [13], thus can be flexibly trained
for different tasks, to learn representations which help them
to efficiently process and differentiate given input data. In
this work, we therefore explore opportunities to employ these
strengths of deep pattern recognition methods to learn characteristics from data generated from evolutionary searches,
capable of differentiating continuous optimization problems.
With the goal of establishing a pipeline which allows us to
learn and predict operators as inductive biases for evolutionary
search algorithms.
The remainder of this paper is structured as follows: In Sec. II
we review related work, with a special emphasis on methods
which have been proposed for the analysis of the search
behavior of evolutionary optimization algorithms in Sec. II-A
and a review on recent advances towards feature-free algorithm
selection in Sec. II-B. From reviewing these two lines of
research, we argue for the advancements of methods for the
continuous domain in Sec. II-C. We therefore propose over
Sec. III, Sec. IV and Sec. V an approach based-upon a partitioning step of continuous search spaces using unsupervised
clustering methods, and further deep neural network classifiers
to learn problem characteristics from data generated during
evolutionary searches to differentiate continuous optimization
problems. In a subsequent experimental study in Sec. VI,
we discuss advantages and disadvantages of these different
approaches, specifically in regards to incorporating structural information about the neighborhood relationship between
partition cells through cartesian maps and graphs, compare
their performances, and analyze their behavior based upon
different pre-processing steps, as well as benchmark functions
of different properties. Finally, in Sec. VII we conclude our
work and provide an outlook on future opportunities to employ
our framework for practical problems.
II. R ELATED W ORK
Relevant to our work, we can identify two lines of research which hybridize neural computing methods for pattern
recognition with evolutionary search algorithms: The first one
attempts to analyze behavioral optimization data using various
supervised and unsupervised learning methods. The second
one employs neural networks for classification and regression

as a way to predict solvers and solutions based upon direct
inputs generated from optimization problems.
A. Data Analytics for Algorithm Behavior
This line of research originates from early attempts at
moving away from theoretical models of search behavior to
more pragmatic ones which enable the analysis of algorithms
through means of empirical measures [14]. While in principle,
this has been already done in the past by relating analytically
calculated properties of white-box optimization problems with
algorithm performance (e.g.: [15]), the approach taken in [14]
attempts to develop a new tool based upon directly assessing
the behavior of an algorithm by keeping track of the problemdependent movement of candidates solutions in the search
space as a whole (c.f. Fig. 1).
Central to their method is the use of a self-organizing map
(SOM) [16] which is a clustering technique that superimposes a neighborhood structure upon the cluster nodes, such
that every cluster can be identified through a set of tuples
(n1 , · · · , nN ) of size N within a regular structured coordinate
system. Usual implementations of the self-organized map
rely upon two-dimensional and rectangular coordinate systems
with N = 2. Ref. [14] uses the self-organized map as
a way to model the population structure within the search
space of continuous single-objective optimization problems.
In an initial training phase, the self-organized map is fitted
to the start population. Based upon the obtained map, one
can associate fitness values, solution counts and solution
distances to the nearest cluster centroid. Subsequently, the
evolutionary algorithm is iterated for another generation and
a second training phase is initiated to refit the map to the
new population. Based upon changes to cluster assignments,
as well as population and fitness density, Ref. [14] define
empirical measures quantifying exploration and exploitation
behavior. Note, that their focus is solely to describe different
search behaviors of evolutionary algorithms from a qualitative
perspective.
More loosely based upon their work, Ref. [17] follows up this
approach using behavioral optimization data. However, this
time with a clear focus on learning features which allow them
to explicitly differentiate the behavior of different evolutionary
algorithms and optimization problems, and not to describe
them. Likewise they adapt the self-organized map within their
work, but instead to obtain a low-dimensional representation
of the search space self. Thus, in advance fit it to training
data uniformly and exhaustively generated within the search
space. Experiments are setup with a fixed initial population and
subsequently the evolutionary algorithm or problem of interest
is varied and the generated offspring population is recorded.
Using the offspring generation, the cluster assignments on the
self-organized map are recorded and post-processing is done
using PCA and the slow-feature analysis technique. Where
the latter is explicitly used to construct a feature space in
which the different evolutionary algorithms and optimization
problems separate. Within their experiments, Ref. [17] can
show that they are able to construct feature spaces which

Fig. 1. In works on algorithm behavior studies, a key idea is that algorithms
and problems can be characterized by the specific changes imposed on
the solution distribution from Pg → Pg+1 , through the interplay between
algorithm and problem over successive generations g → g + 1.

can sufficiently separate different evolutionary algorithms.
However, they are incapable of sufficiently separating different
optimization problems for given fixed optimization algorithms,
unless the given problems contain obvious asymmetries. Notably, their work neglects any information about fitness values
or distances of the candidate solutions to their assigned cluster
node.
Work from Ref. [18] has been further following up the
slow-feature analysis based approach. However, motivated by
particular drawbacks of the former, their work explores the
question whether or not a modern deep network architecture
can be used to learn features capable of separating different
evolutionary algorithms. Likewise, to previous work, the selforganized map is used once again as a way of obtaining a
low-dimensional representation of a search space. However,
they explicitly harness the two-dimensional structure of the
self-organized map by recording generational changes in the
assigned number of candidate solutions to every cluster node
in a matrix representation. Once these are obtained, they
can subsequently be labeled and fed for training to a neural
network architecture based upon convolutional layers [19].
Note, that the latter are used in an attempt to explicitly exploit
the two dimensional structure of the input matrices. Their
study shows, that they can indeed achieve competitive results
to the previous SFA-based method, by means of obtaining a
latent space in which behavioral data of different algorithm is
significantly disentangled. However, note their work does not
reconsider the problem of distinguishing different continuous
optimization problems.
B. Feature-Free Algorithm Selection
The application of pattern recognition methods has a longer
tradition within the field of evolutionary optimization. E.g., in
the field of hyper-heuristics and combinatorial optimization,
they can be used to learn a mapping from a known problem
state to the best known optimal solver [20]. They may also
find their application within traditional studies of algorithm
selection pipelines [21], [22]. However, in many cases obtain-

C. Synopsis

Fig. 2. Recent works on algorithm selection frameworks have attempted
to short-cut the traditional pipeline, by introducing a direct mapping from
problem space to performance space, where the calculation of problem
characteristics is encapsulated into deep neural network architectures, from
which directly the best performing algorithms and solutions are predicted.

ing good and descriptive characteristics is the problem which
needs to be solved in the first place [23].
Recent ambitions within the field of combinatorial optimization have attempted to short-cut this step by employing deep
neural networks (c.f. Fig. 2). Thus, the step of calculating
problem characteristics is done implicitly by the network architecture, which is trained to predict algorithms and solutions
to efficiently solve optimization problems in the first place.
From an intelligent systems design point of view, this reflects
the previously mentioned notions which features also have in
biological cognitive systems [12], [13]. Particularly, the recent
work of [24], explicitly uses deep neural networks to predict
the optimal solver for traveling salesperson problems (TSP).
However, instead of calculating problem characteristics of the
different TSP instances, they generate 512x512 raster images
of visual representations from plots of point clouds, minimum
spanning trees and nearest neighbor graphs. Based upon these
generated images, a CNN-based classifier is trained to predict
the best known solver for a given TSP problem instance from
two available ones. Through their results they can prove, that
with the feature-free neural network based approach they can
achieve results which are competitive and partly surpassing
classical algorithm selection frameworks.
A similar and parallel line of work [25], [26] has investigated
the use of sequential models, particularly implementations of
LSTMs [27], to solve 1-d bin packing problems. In principle,
with an interest in either predicting the optimal solvers for a
given problem instance or optimal solutions. For the former
case, they can show that their approach is capable of achieving
higher performance than the single best solver (SBS). While
for the latter, they find that their method can predict solutions
very accurately to heuristics used to generate the training data,
and at times even generates them with comparably higher
performance.

Summarizing the reviewed work, deep pattern recognition
methods found an interest in either enabling the description
of search behavior from evolutionary algorithms, or using
them such that the calculation of characteristics in algorithm
selection framework is encapsulated by the feature learning
capabilities of neural networks. However, surprisingly most of
the latter reviewed work in regards to feature-free algorithm
selection [24]–[26] has only been done within the domain of
combinatorial optimization. Even though, prior research on
methods to describe algorithm behavior [14], [17], [18] can
be considered to have laid a certain foundation for further
investigation. Therefore, in the following we advance this
work by investigating whether we can propose a pipeline to
learn features capable of distinguishing different continuous
optimization problems from procedural optimization data.
Showing the efficiency of such an approach, could enable us
to likewise integrate it into a framework to learn and predict
problem-tailored algorithm components from inputs generated
during the run-time of an optimization algorithm.
In our investigation, we adopt the procedure of partitioning
the search space. However, we lay a special focus on a
comparative investigation, by imposing different kinds of
neighborhood relationships upon the retrieved partitions. By
keeping track of problem-specific changes within each cells
of the search space partitions, we subsequently train classifiers based upon specialized neural network architectures to
learn features capable of separating the different continuous
optimization problems within a latent space. We also further
include in our work a channel for fitness values, as previously
work solely based upon changing solution counts has shown
ambiguity for symmetric functions [17] for the task of problem
identification.
III. PARTITIONING THE S EARCH S PACE
In the following, we will elaborate on different methods
to partition the search space of continuous optimization
problems. Specifically, with an emphasis on the different
ways how to retrieve search space partitions through
unsupervised clustering methods, and ways to impose a
neighborhood relationship on them. The necessity of such a
step might not seem obvious within low dimensions, as one
might be simply inclined to equally divide the space among
each axis into p pieces. However, as the number of partitions
would scale exponentially with pd at high dimensions d
through this approach, it would become infeasible if one still
wants to maintain a sufficient resolution.
Our principle approach is outlined in the top row of
Fig. 3. For a search space volume χ ⊂ Rd , we first generate
DT = {x1 , · · · , xN } samples uniformly random within
the search space volume. This dataset DT can then be
subsequently used as training data for clustering methods to
partition the search space homogeneously. The number of
preset clusters NC can be seen as regulating the resolution
of the retrieved partition. Specifically, we investigate in the

clusters is Nc = Nx · Ny and the clusters can be identified
through tuples nc = (nx , ny ) with nc ∈ [1, Nx ] × [1, Ny ].
In the recursive formulation [16], each of the Nc clusters is
identified by a centroid µi (sometimes also called weights or
model vectors), being likewise to k-means randomly initialized
on the training dataset DT , and updated at each iteration t for
a given training data point x by
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µi (t + 1) = µi (t) + hci (t)[x(t) − µi (t)],

(2)

where c is the index of the best matching unit (BMU), i.e. likewise to the k-means algorithm c = arg mini (||x(t) − µi (t)||),
and i being the index of its topological neighbors. Here, hci
is a neighborhood function with
Unstructured

Cartesian

Vector

Tensor

Graph

hci (t) = α(t) exp(−||µc − µj ||2 /2σ 2 (t)),

Matrix

Fig. 3. Top row: Explanation of the search space partitioning through
unsupervised clustering. Middle row: Neighborhood-relationships which can
be enforced through different techniques (i.e. k-Means, SOM, GNG &
Delaunay). Bottom row: Different data formats which are obtained using the
different neighborhood relationships.

following as clustering methods k-means, the self-organized
map and the growing neural gas.
A. Unstructured Partitions
Applying the k-means algorithm to a given training dataset
DT , with a preset value k = NC usually results in the
algorithm retrieving unstructured clusters after N iterations
C
with centroids {µi }N
i=1 and without any further neighborhood
relationship being imposed on them. The cluster centroids
are usually initialized randomly on the dataset and iteratively
updated such that
µi = (Σn rnk · xn )/(Σn rnk ),

(1)

where rnk = 1 if the closest µj for given xn has j = k,
otherwise it is 0. As the k-means algorithm is usually part of
many introductory literature [28] as well as standard software
packages and libraries for machine learning and statistics
[29], we neglect in the following any further more elaborate
discussion of it.
B. Structured Partitions as Maps
Structured clusters can be retrieved using the self-organized
map (SOM) technique [16]. As mentioned, this approach has
been used in prior work [17], [18] as a way to partition
the search space, originally motivated by work on modeling
solution populations [14] within continuous evolutionary optimization. In its usual formulation, the SOM imposes a 2-d
grid structure upon the clusters, such that the total number of

(3)

where σ(t) and α(t) are monotonically decreasing functions
of t. For the former, according to literature [16] its exact
form does not matter, as long as σ(t) is a monotonically
decreasing function with it’s value being about half of the
grid diameter in the beginning and reduced after about 1000
steps to only a fraction of it. The use of the SOM to partition
a high-dimensional space can be motivated as an attempt to
topologically ’fold’ a low-dimensional space into a higher
dimensional one (c.f. central panel of Fig. 3) .
C. Structured Partitions as Graphs
C
1) Delaunay Triangulations: The cluster centroids {µi }N
i=1
retrieved on the basis of the k-means algorithm can be reinterpreted as nodes of a graph structure. To construct a
graph, one simply considers for each cluster with centroid
µi its associated decision volume V (i), finds all neighboring
volumes V (j) and subsequently builds an adjacency matrix
A, with aij = 1 for neighboring pairs (i, j) and aij = 0
for unneighbored pairs (i, j). This procedure is known
as Delaunay triangulation. In principle, implementing this
procedure into an algorithmic form is not trivial and requires
a less simplified approach. However, library implementations
are available [30].

2) The Growing Neural Gas: The growing neural gas
(GNG) [31] can be considered to be a variation of the former
SOM [16]. However, its focus is on evolving a graph of
vertices and edges (V, E) which describe the topology of
the given dataset DT . Thus, in principle the total number of
clusters and edges can dynamically change during the training
process. Likewise to k-means and the SOM, the training
starts with Nc clusters with positions µi being randomly
initialized on the dataset DT . Based upon a randomly drawn
data point x ∈ DT , the nearest cluster µ1 and secondnearest cluster µ2 are determined. If the cluster µ1 has edges,
the ages of the edges are incremented and an error variable
∆error(1) = ||µ1 − x||2 is calculated. The cluster µ1 and its
topological neighbors µn are subsequently moved towards the
drawn data point x by fractions b and n with
∆ws1 = b (x − µ1 ) and ∆wsn = n (x − µn ),

(4)

Fig. 4. Illustration of the data post-processing pipeline. Unstructured raw data descriptive of a solution population Pgr at generation g and run r in the
form of tuples (x, f (x)) of candidate solutions and fitness values are converted by a search space partitioning method into a structured data format z, which
subsequently can be fed to an adequate neural network architecture for feature extraction.

analogue to the self-organized map. If µ1 and µ2 possess an
edge, its age is set to 0 and if no edge exists, it is created anew.
Edges with an age larger than amax are subsequently removed,
and likewise, clusters without an edge are removed from the
gas. After a certain number of iterations λ, the gas will insert
a new cluster µr . This is done, by selecting the cluster µq
with the highest error, and subsequently inserting a new cluster
half-way at µr = 12 (µf + µq ) between the neighbor with
highest error µf . Subsequently, the old edges are removed
and new ones are created. Errors are of q and f are lowered
by a multiplicative factor α. The new cluster r subsequently
inherits the updated error of q. At last, the neural gas decreases
all errors by multiplication with a constant d. The algorithm
terminates as soon as it has achieved a predefined network
size or performance goal.
IV. T HE DATA P OST-P ROCESSING P IPELINE
The full data post-processing pipeline is illustrated in
Fig. 4. From running an evolutionary optimization algorithm
on different single-objective optimization problems of the
form f : χ ⊂ Rd → R, we first extract raw data in the form
of tuples (x, f (x)) of generated solutions x ∈ Rd and fitness
values f (x). We further organize these into tuples (Pgr , y),
where Pgr is the population, it is the set of all (x, f (x)),
at generation g and run r and y is a label for a particular
optimization problem.
By applying a search space partition of Nc clusters to
a solution population Pgr , we obtain a structured data format
in either the form of a vector z ∈ RNc ·Nf for an unstructured
k-means partition, the form of a tensor z ∈ RNx ×Ny ×Nf
for a structured map, or a feature matrix z ∈ RNc ×Nf for
structured graphs, where the latter are also further supplied
with an adjacency matrix A. Note that Nf is the number
of cluster node features, and Nx · Ny = Nc . After having
converted all solution populations Pgr into representations
zrg , we can use these for the subsequent feature learning and
extraction step.
Note that in our approach we further process these by
explicitly taking the differences ∆zr = zr0 − zr1 . We also
consider at most only two features with Nf = 2. I.e, the
sum of all solutions associated to a cluster and the sum of

all fitness values associated to a cluster. Effectively, we can
interpret the ∆zr as finite differences, i.e. discrete derivatives
in generational change ∆g = 1, of total solutions and total
fitness per cluster.
V. N EURAL N ETS FOR F EATURE L EARNING
Depending upon the previously used search partition
method, we choose in the next step of the processing pipeline
the neural network architecture most suitable to process the
obtained data format.
A. Processing of Vector Data
We use for vector data z ∈ RNc ·Nf the multilayer perceptron
(MLP) [28] with stacked dense layers of the form
h(n) = σ (n) (W(n) h(n−1) ),

(5)

where h(n) is the output of the n-th hidden layer, where
we have for the input layer h(0) = z, non-linear activation
functions σ (n) , in our P
case either ReLU(x):=max(0, x) or
SoftMax(x) = exp(x)/ j exp(xj ) and W(n) being a trainable weight matrix.
B. Processing of Tensor Data
For tensor data z ∈ RNx ×Ny ×Nf extracted using the SOM,
we use the convolutional neural network (CNN), which is a
special architecture that has been designed to process tensorial
data, e.g. such as time-series and images [19]. Key ingredient
of it are name-giving convolution operations [32] which can
be written as


(n)
(n−1)
(n)
Hi,j,k = σ Σl,m,p H(i−1)×s+l,(j−1)×s+m,p Wl,m,p,k
(6)
where H(n−1) is an input tensor, the parameter is s a so called
stride and W(n−1) is a kernel with trainable weights which
can be parametrized by (l, m, p), and k being an index for the
number of pre-defined filters. Further, we use pooling layers
which are defined by
(n)

(n−1)

Hi,j,k = maxm,n {H(i−1)×s+m,(j−1)×s+n, k }.

(7)

Both operations are employed in specialized layers as a means
to capture the underlying structural correlations hidden within
the training data. We neglect a more elaborate discussion and
refer to available literature instead [32], in favor of fostering in
the following a comparison to their novel analogues for graph
data.

insist on including them nevertheless into our work to keep
the analogy to traditional architectures. This is a reasonable
decision, as there does not seem to be a clear consensus
established upon this topic yet.
VI. E XPERIMENTAL S TUDIES

Fig. 5. In traditional convolution layers (left side), filters have a smaller
dimension than the given input domain, and can aggregate features from
patches of pre-defined arbitrary size from the input. In Kipf & Welling’s
graph convolution [33], filters have the same dimension as the input graph,
and only aggregate features from the direct neighborhood of a given node.

C. Processing of Graph Data
For graph data represented by feature matrices z ∈ RNc ×Nf ,
we use in our work the recently developed techniques for graph
neural networks (GNN) [34], [35]. While a variety of methods
[35], [36] have been developed within the recent years, we
will employ within our work particularly operations which
have been defined in analogy to traditional operations, and
became comparably popular. Specifically, we consider graph
convolutions [33] as defined by
1

1

H(n) = σ (n) (D̃− 2 ÃD̃− 2 H(n−1) W(n) ),

(8)

with a weight matrix W(n) ∈ RNf ×NF , further H(0) = z, the
adjacency matrix Ã = AP
+ I with self-connections, as well as
the degree matrix D̃ii = j Ãij . The first four multiplicative
terms can be interpreted as an aggregation operation over all
features of the neighbors of a node (c.f. Fig. 5). Further, we
also use pooling layers, based upon a graph coarsening step
using Graclus algorithm [37], [38]
[A∗0 , · · · , A∗l ; P] = GraphCoarsening(A, l),

(9)

NC∗j ×NC∗j ,

with coarsened adjacency matrices A∗j of size
with
∗j
∗
j
NC = NC /2 , where j = 0, · · · , l indicates the coarsening
level up until l ≤ ln(NC∗ )/ln(2) and a permutation matrix
P likewise of dimension NC∗ × NC∗ . Note, that the Graclus
algorithm extends any given input graph with NC nodes by
adding ∆ feature-less fake nodes, such that NC∗ = NC + ∆
and further permuting the original node arrangement, such that
the graph can be converted into a balanced binary tree. Thus,
the original feature matrix must be converted by means of
applying a permutation matrix P such that X∗ = PX. Based
upon the permuted feature matrix, which is ordered according
to a balanced binary tree, pooling operations are then simply
conducted branch-wise in analogy to 1D signals with
∗(n)

Hi,j

∗(n−1)

= max{H2 i−1:2i,j }.

(10)

Note that, even though recent work [39] has been questioning
the utility of pooling operations in graph neural networks, we

The neural network architectures we use for feature extraction within our study are elaborated in Tbl. I. We implement
them based upon available standard frameworks [40] and
use custom implementations [33], as well as available ones
[38] for the new layer-wise operations. We choose our GNN
architecture in analogy to the tried-and-tested architecture for
the CNN from Ref. [18], however take for both the liberty
of using as classification layers our MLP architecture with
bottleneck. We train each network using the adam optimizer
[41] for 1000 epochs in a classification task, with a training
to cross-validation dataset split of 80-20, a batch size of 250,
using the categorical cross-entropy loss
X
L=
−yi log(ŷi )
(11)
i

with ŷi being the network output for a given class and yi being
the true label. For the prior search space partitioning step, we
generate data uniformly random within a volume of [−30, 30]d
with in total 10,000 training data points. Note that many of the
standard single-objective optimization problems are defined
on variable search space sizes. To accommodate for them
within our experiments, we rescale any extracted population
data to the size of the aforementioned training volume. Note,
that this is a reasonable decision, as changing the search
space sizes of the problems self would otherwise distort their
original properties. Subsequently, using the obtained partition,
we apply the data post-processing pipeline as elaborated in
Sec. IV. For the unsupervised clustering methods to partition
the search space, we use optimized implementations [29],
[42] and train each for 1000 epochs when there is no selftermination implemented by default. The number of clusters

TABLE I
T HE NEURAL NETWORK ARCHITECTURES USED FOR THE DIFFERENT DATA
TYPES WITHIN OUR STUDY, WITH THE NUMBER OF CLASSES #C AND ∗
INDICATING THE VISUALIZED LAYER .
Data Type

Vector

Tensor

Graph

Input Size

Nc · Nf

Nx × Ny × Nf

Nc × Nf

Layer0
Layer1
Layer2
Layer3
Layer4
Layer5
Layer6
Layer5
Layer6
Layer7

Dense(10)∗
ReLU
Dense(50)
ReLU
-

Conv(5×5×25)
ReLU
MaxPooling(2×2)
Conv(3×3×16)
ReLU
MaxPooling(2×2)
Dense(10)∗
ReLU
Dense(50)
ReLU

GraphConv(25)
ReLU
MaxPooling(4)
GraphConv(16)
ReLU
MaxPooling(4)
Dense(10)∗
ReLU
Dense(50)
ReLU

Output

SoftMax(#C)

SoftMax(#C)

SoftMax(#C)

Training and validation accuracy

1.0
0.8
0.6

Training acc
Validation acc

0.4
0

200

400

600

Training and validation accuracy

1.0

800

1000

0.8
0.6
Training acc
Validation acc

0.4
0

200

400

600

800

1000

Training and validation accuracy

1.0
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Training acc
Validation acc
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0
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Training and validation accuracy

1.0
0.8
0.6

Training acc
Validation acc

0.4
0

200
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800

1000

Fig. 6. Accuracy over the training for the MLP and CNN, as well as the
GNN architecture for the GNG and Delaunay triangulation as input (from top
to bottom).

is set to NC = 100 for each.

the range of ∼80−90%. Achieved values for the networks are
listed in Tbl. III. Note that within prior available work [17],
[18], different search spaces are used and results are only
discussed qualitatively. Thus, these do not enable a direct
quantitative comparison.
Overall, we find that the GNNs, trained upon graphrepresentations of the search space, obtained through the
GNG and Delaunay triangulations, exhibit highest training
performance on the validation sets with accuracies of about
≈ 96%. Followed up by the CNN and MLP with about
≈ 84%. Looking at the obtained feature spaces in Fig. 7, all
compared methods exhibit clearly a high ability to seperate
data inputs generated on the different optimization problems.
However, one may argue, that the GNNs have a slightly better
capability in separating the clusters. Note, that by comparing
the unstructured as well as Delaunay-based approach, we
can cross-check that the higher performance of the GNNs
can be particularly attributed to considering additional
knowledge about the structure of neighboring partition cells.
As otherwise, the partition cells are in both approaches the
same.
TABLE III
ACCURACY VALUES AVERAGED OVER 10 ITERATIONS FROM THE NEURAL

As evolutionary algorithm of choice we use within our study
the classic (µ+λ) Evolution Strategy [43], [44] with µ = 10
and λ = 10, with strategy parameters σi ∈[0.1, 4], mutation and
crossover probability of 0.5, which we randomly initialize on
the entire search space with the given benchmark functions
being of dimensionality d = 3, and further generate for each
function 1000 pairs of parent and offspring generation.

NETWORK ARCHITECTURES USED FOR THE DIFFERENT DATA TYPES
WITHIN OUR STUDY. F OR THE GNN S , (1) INDICATES INPUT DATA FROM
THE GNG, WHILE (2) INDICATES THE D ELAUNAY TRIANGULATION .

Architecture

Accuracy (S)

Accuracy (F)

Accuracy (S+F)

MLP
CNN
GNN1
GNN2

30.06 ± 0.75
28.00 ± 2.77
26.95 ± 1.48
27.06 ± 1.24

83.89 ± 1.45
67.19 ± 2.90
94.01 ± 0.49
93.90 ± 0.92

84.19 ± 0.88
84.20 ± 1.54
96.90 ± 0.47
96.46 ± 0.90

A. Comparison of Network Performances
In the following, we compare the performances of our
approaches in terms of training stability, achieved accuracy
and cluster seperation. We train the networks upon data
generated from symmetric function set in the upper half of
Tbl. II. For the combined solution and fitness channel (S+F),
we find that all networks exhibit stable training performance
(c.f. Fig. 6) and are capable of achieving high accuracies in
TABLE II
B ENCHMARK FUNCTIONS USED WITHIN OUR STUDY. U PPER HALF :
S YMMETRIC FUNCTIONS . L OWER HALF : ASYMMETRIC FUNCTIONS .
Name

Function Expression
q

Ackley

−20e

Griewank
Rastrigin
Sphere
Bohachevsky

−e− d Σi=1 cos(2πxi )
xi
1
Σd x2 −Πdi=1 cos( √
)+1
4000 i=1 i
i
d
2
10d+Σi=1 [xi −10cos(2πxi )]
Σdi=1 x2i
x2i +2x2i+1−0.3cos(3πxi )
−0.4cos(4πxi+1 )+0.7

−0.2

1

1 Σd
x2
d i=1 i

Schwefel

[−32.768, 32.768]d

d

i−1

Elliptic
Rosenbrock

Search Space
+ 20 + e1

Σdi=1 (106 ) d−1 x2i
2
2 2
Σd−1
i ) +100(xi+1 −xi )
i=1 (1−x

2
Σdi=1 Σij=1 xj

[−600, 600]d
[−5.12, 5.12]d
[−5.12, 5.12]d
[−100, 100]d
[−100, 100]d
[−5, 10]d
[−65.536, 65.536]d

A particularly interesting question is to which regard the
solution channel (S) and fitness channel (F) contribute to the
training of the networks. We therefore trained all networks
separately on each channel and collected likewise accuracy
values averaged over 10 training runs on each. The resulting
values are listed in Tbl. III. We find, that training the networks
solely based upon changes in the solution channel (S) makes
them incapable of separating the inputs from the symmetric
function set. With accuracies being only in the range of
∼ 26−30%. The bulk of performance gain in the network
training can therefore be attributed to the fitness channel (F).
With the difference in accuracy for the MLP and the GNNs to
the combined channel (S+F) being only about ≈ 1−3%. But
arguably, the inclusion of the solution channel still contributes
to performance improvements. This is most striking for the
CNN, where the accuracy gain is about ≈ 17%. While this
seems surprising at first glance, considering the fact, that by
means of ’folding’ the SOM into the higher dimensional space,
neighborhood relationships are created which don’t reflect the
actual structure of the search space, including the solution
channel (S) therefore can be considered as helping the network
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Fig. 7. LDA-plots of the feature spaces obtained on the symmetric function
set from Tbl. II for the MLP, the CNN and GNN (GNG & Delaunay) (from
left to right and top to bottom).
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set the clusters within the feature space order themselves
according to the different funnel structures of their benchmark
functions (c.f. upper left panel in Fig. 8). Particularly, clusters
are separated into exponential ∼ 1 − exp(−|x|) and quadratic
∼ x2 funnel structure. But notably, we find that an intra-cluster
separation is still evident. Particularly, between functions with
low (Sphere & Griewank) and strong periodic modulation
(Rastrigin) superimposed on them in relation to their search
space sizes.
At last, we consider our asymmetric function set as given in
the lower half of Tbl. II. Training our graph neural network
upon data generated from these benchmarks, we find initially,
that the training does not properly converge. Therefore, we
apply the previously elaborated fitness normalization step.
Subsequently, we find that the network training properly
converges and we likewise find within the feature space, that
the clusters separate according to the different funnel structures
(c.f. upper right panel in Fig. 8). However, in comparison to
the symmetric function set (c.f. lower left panel in Fig. 8),
we find that training the network solely on the solution
channel likewise does not retrieve a feature space in which the
optimization problem can be separated (lower right panel).
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5

Fig. 8. Upper row: LDA-plots of the feature spaces for the GNG-based trained
GNN using rescaled search space sizes and normalizes fitness values on the
symmetric (left) and asymmetric function set (right). Lower row. Obtained
feature spaces for training on the solution channel (S).

in learning more accurate relationships between neighboring
search space regions.
B. Rescaling of Benchmark Functions, Fitness Values and the
Set of Asymmetric Functions
At last, we test the behavior of our approach in regards
to rescaling the benchmark functions, fitness values and its
behavior on asymmetric functions. For the symmetric function
set, we find that rescaling the benchmarks to a uniform search
space size of [−5.12, 5.12]d while keeping the algorithm configuration fixed has only a negligible effect. We thus neglect
a further discussion of it, however keep it within the further
parts and suggest the practitioner to generally consider such
an approach, as hyperparameters are mostly tuned to characteristic length scales of a given set of optimization problems.
Normalizing the fitness values such that for every benchmark
function 0 ≤ f (x) ≤ 1, we find that on the symmetric function

In conclusion, we find that we can use our framework
to learn features in a latent space which are able to sufficiently separate different continuous optimization problems.
And particularly we have shown that a graph-based approach
demonstrates highest performance. Thus, enabling us to shortcut the calculation of problem characteristics in the traditional
algorithm selection framework, by encapsulating this step into
a training procedure of neural network architectures. Notably,
this also reflects notions of problem features existing in cognitive research [12], [13]. Further, we have shown that depending
on the problem structure and meaning of fitness values, our
approach can be adapted to a variety of different scenarios.
And particularly, the combined solution and fitness channel
showed highest performance. We hope our investigation to be
a further stepping stone towards a more cohesive framework
which could allow us to predict and learn problem-tailored
algorithm components [45] for continuous evolutionary search
algorithms. With the most practical scenarios at hand being
the prediction of improved initializations for Estimation of
Distribution and CMA-ES algorithms. In the sense of inductive
biases within current research on metalearning frameworks.
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